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ABSTRACT

Screening classifiers are increasingly used to identify qualified can-
didates in a variety of selection processes. In this context, it has been
recently shown that, if a classifier is calibrated, one can identify the
smallest set of candidates which contains, in expectation, a desired
number of qualified candidates using a threshold decision rule. This
lends support to focusing on calibration as the only requirement for
screening classifiers. In this paper, we argue that screening policies
that use calibrated classifiers may suffer from an understudied type
of within-group unfairness—they may unfairly treat qualified mem-
bers within demographic groups of interest. Further, we argue that
this type of unfairness can be avoided if classifiers satisfy within-
group monotonicity, a natural monotonicity property within each
of the groups. Then, we introduce an efficient post-processing al-
gorithm based on dynamic programming to minimally modify a
given calibrated classifier so that its probability estimates satisfy
within-group monotonicity. We validate our algorithm using US
Census survey data and show that within-group monotonicity can
be often achieved at a small cost in terms of prediction granularity
and shortlist size.

1 INTRODUCTION

As many selection processes receive thousands of applications, it
has become increasingly common to rely on automated screening
tools to shortlist a tractable set of promising candidates. These
shortlisted candidates then move forward in the selection process
and are evaluated in detail, possibly multiple times, until one or
more qualified candidates are selected.

In the machine learning literature, algorithmic screening has
been studied together with other high-stakes decision making prob-
lems as a supervised learning problem [1]. Under this view, algo-
rithmic screening consists of designing both a screening classifier,
which estimates the probability that a candidate is qualified, and a
screening policy, which shortlists candidates using the candidates’
probability values estimated by the screening classifier. Only very
recently, a line of work has focused specifically on algorithmic
screening [2, 3]. Therein, [2] argue that, to increase the efficiency
of the selection process without decreasing the quality of the short-
listed candidates, the focus should be on screening policies that
find the smallest shortlist of candidates containing a desired aver-
age number of qualified candidates with high probability without
making any distributional assumptions on the candidates. Further,
this work has shown that, if the screening classifier is calibrated [4],
such distribution-free guarantees can be achieved using threshold
decision rules as screening policies and, the more granular the pre-
dictions of the classifier, the smaller the shortlists provided by such
policies.

In this work, our starting point is the realization that any thresh-
old decision rule that uses calibrated screening classifiers may be
biased against qualified candidates within demographic groups of
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interest. More specifically, it may shortlist one or more candidates
from a group who are less likely to be qualified than one or more
rejected candidates from the same group. This type of within-group
unfairness may result in precluding the best candidates within each
group—the candidates who are more likely to be qualified—to move
forward in the selection process and have a chance to be selected.

Our contributions. We first show that to avoid such within-group
unfairness, screening classifiers need to satisfy a monotonicity
property within each of the groups of interest, which we refer to
as within-group monotonicity. Then, we develop a set partitioning
post-processing framework to minimally modify any calibrated
classifier such that it satisfies within-group monotonicity. We make
the following contributions:

I. We show that the problem is NP-hard using a reduction
from a variation of the partition problem [5], which we
refer to as the equal average partition problem and prove
it is NP-complete. However, we identify a natural class of
partitions—contiguous partitions—under which the prob-
lem is tractable.

II. We derive a dynamic programming algorithm for contigu-
ous partitions that is guaranteed to find an optimal solution
to our problem in polynomial time.

III. We create a simulated screening process using US Census
survey data to validate and complement our methodological
contributions and theoretical results.

Our results firstly show that the probability that an individual from
a minority group suffers from within-group unfairness may be
significant, which may lead to perpetuating historical biases against
such groups. Secondly, within-group monotonicity can be achieved
at a small cost in terms of prediction granularity and shortlist size.
Appendix A contains a detailed discussion of the related work.

2 SCREENING, CALIBRATION AND
WITHIN-GROUP DISCRIMINATION

Given a candidate with a feature vector x € X, we assume the
candidate belongs to one demographic group of interest z € Z
and can be qualified (y = 1) or unqualified (y = 0) for the selection
objective! Next, let f : X — Range(f) C [0, 1] be a screening
classifier that maps a candidate’s feature vector x € X to a quality
score f(x), where the higher the quality score f(x), the more the
classifier believes the candidate is qualified. Then, given a pool of
m candidates, a screening policy 7 : [0,1]" — P ({0, 1}™) maps
the candidates’ quality scores to a probability distribution over
shortlisting decisions {s;};c[m|- Here, each decision s; specifies
whether the corresponding candidate is shortlisted (s; = 1) or is
not shortlisted (s; = 0).

'We do not require a candidate’s group membership z to be included in or be inferable from their
feature vector x.

59
60

61

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

106

107

108

109

110

111

112

114

115

116



117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153

154

156

157

159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174

In high-stakes applications, screening classifiers f are usually
demanded to provide calibrated quality scores [6], i.e., for every
a € Range(f), it should hold that Pr(Y = 1| f(X) = a) = a. In this
context, [2] have recently shown that, if the classifier f is calibrated,
the optimal screening policy 7 that is guaranteed to shortlist, in

I

expectation, the smallest set of candidates with a desired number
of qualified candidates with high probability is given by a simple
threshold decision rule that take shortlisting decisions as

1 if f(x;) > L,
si = {Bernoulli(0f) if f(x;) = tf (1)
0 otherwise,

where ¢ and 07 depend on the classifier and data distribution.
These results suggest focusing on calibration as the only require-
ment for screening classifiers. In this work, we argue that screening
policies given by threshold decision rules using calibrated classi-
fiers may suffer from an understudied type of unfairness—they may
be biased against qualified members within demographic groups.
More formally, the following proposition shows that any thresh-
old decision rule may be biased against qualified members within
demographic groups?:

PROPOSITION 2.1. Let 7w be a screening policy given by a threshold
decision rule using a calibrated classifier f with threshold t. Assume
there exist a,b € Range(f), witha < t < b, and z € Z such that
PY=1|f(X)=aZ=2)>P(Y =1|f(X) =b,Z = z). Then, it
holds that

EYNPy‘X‘Z,SNH' [Y(l - S) |f(X) = a’Z = Z]
> EY~Py|X72,S~ﬂ' [YS|f(X) = sz = Z] ‘

The above result implies that there exist pools of applicants for
which an optimal policy using a calibrated classifier may shortlist
a candidate from a group who is less likely to be qualified than a
rejected candidate from the same group. Importantly, the assump-
tion under which the above within-group unfairness appears is not
just a theoretical construct—it has been observed empirically in
multiple real-world domains whenever the group membership Z is
a spurious confounding factor that causes both X and Y [7]. The
case in which the assumption holds for every group z € Z and any
threshold decision rule is known as Simpson’s paradox [8].

To avoid the above within-group unfairness, we introduce and
study within-group monotonicity:

DEFINITION 2.2. Given a set of groups Z, a classifier f is within-
group monotone if, for any z € Z and a,b € Range(f) such that
a<bPr(Z=z|f(X)=a)>0andPr(Z==z|f(X)=0b) >0, it
holds that

Pr(Y=1|f(X)=aZ=2) < Pr(Y=1|f(X)=bZ=2).

In what follows, we will design a post-processing framework
that, given a calibrated classifier, modifies it minimally so that it
is within-group monotone, as shown in Figure 1. As a result, any
screening policy given by a threshold decision rule using the mod-
ified classifier will not suffer from within-group unfairness. We
favor a post-processing approach (rather than an in-processing

A1l proofs can be found in the Appendix D.
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Figure 1: Quality score values a = P(Y = 1| f(X) = a) and
group conditional quality score values a; = P(Y = 1| f(X) =
a,Z = z) of a (approximately) calibrated screening classifier
f with finite range trained on US Census survey data and its
within-group monotone counterpart fg: found by our post-
processing framework. The demographic groups of interest
Z are defined using US citizen status and the hatched bars
indicate within-group monotonicity violations. Note that
there exist no such violations in fg- (second row).

one) mainly because post-processing approaches can be applied to
any black-box classifier without asking for retraining or introduc-
ing training overhead [9]. Furthermore, in-processing approaches
commonly need access to the feature defining group membership
to ensure group-level fairness, which may not be available to the
classifier due to privacy reasons.

3 A SET PARTITIONING POST-PROCESSING
FRAMEWORK

Let f be a calibrated classifier with Range(f) = {ay,...,an} and
pi = Pr(f(X) = a;). Here, note that we focus on calibrated clas-
sifiers with finite range, i.e, |Range(f)] = n < oo, since it is -
impossible to find non-atomic calibrated classifiers from data ,
even asymptotically [10, 11]. Here, assume that a; < a; for any
i < j without loss of generality. Further, for every demographic
group of interest z € Z,leta; , :=Pr (Y =1| f(X) = a;,Z = z) and
pz|i =Pr(Z =z| f(X) = a;), and note that, by definition, we have
that a; = }\;c 7 p;|i4iz- Then, our goal is to modify f minimally
so that it is within-group monotone.

To this end, we note that the classifier f induces a partition of X
into n disjoint regions or bins {Xj, ..., X}, where each bin Xj is
characterized by a; and p;. Building upon this fact, we look at the
problem from the perspective of set partitioning and seek to merge
a small number of these induced bins to achieve within-group
monotonicity. More formally, let & be the set of all partitions
of the bin indices {1,...,n}. Every 8 € & is a partition of the
bin indices into a collection of nonempty and disjoint equivalence
classes {Aq,..., A 8| }, which we call cells. For each x € X, denote
the index of the bin it belongs to as i(x) = {i| f(x) = a;} and
represent a cell in 8 containing index i(x) by [i(x)] g, where we
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drop the subscript 8 whenever it is clear from the context. Further,
we know that the equivalence relation ~g implies that, for all
i(x’) € [i(x)], we have that i(x) ~g i(x"). Then, we can use the
partition B to define the modified classifier fg : X — Range(fg) =
{aa} acs, where
YjeAaipj
aq = ——"—-=
2 jeAPJ

Without loss of generality, we keep the cells induced by the partition
8 in increasing order with respect to a g, i.e, az, < az; for any
i < j. By definition, fg is calibrated, i.e.,

Pe(Y =11 f5(X) = am) = LAY _ g

2jeAPj

and fg(x):= ali(x)]-

and we further define
Zjeﬂ PjPz|j%jz
AA,z =
LjeAPiPz|j
Moreover, the larger the partition size | 8|, the more fine-grained
the predictions of the classifier fg [12]. Therefore, we can think

of reducing the problem to finding a partition 8 of maximum size
such that fg is within-group monotone , i.e.,

=Pr(Y=1|fg(X)=agn,Z=2).

maximize |B| subjectto ag. , <ag.
e |B] J Aiz Aj.z
VA;, A;j € B such that aq; < aﬂj,\v’z e Z.

However, such a problem formulation presents difficulties both in
terms of tractability and soundness. First, we cannot expect to find
such a partition in polynomial time:

THEOREM 3.1. Given a calibrated classifier f, the problem of find-
ing the partition B € & of maximum size such that fg is within-
group monotone is NP-hard.

To prove the above result in Appendix D.2, we first show that,
by finding the partition B of maximum size such that fg is within-
group monotone, we can decide whether there exists a partition B’
of size |B’| = 2 such that fg is within-group monotone. Then, we
show that the latter decision problem is NP-complete by a reduction
from a variation of the partition problem [5], which we refer to as
the equal average partition problem and prove it is NP-complete.

Second, even if the size of the partition 8 is large, the shortlists
provided by threshold decision rules using fg may differ greatly
from those using f. The reason is that, in general, we may merge
very different bins to ensure monotonicity within groups and, as a
consequence, fg may rank (pairs of) candidates strictly differently.
More specifically, fg may not satisfy the following monotonicity
property with respect to f:

DEFINITION 3.2. A classifier f is monotone with respect to f if;
for all f(x1), f(x2) € Range(f) such that f(x1) < f(x2), it holds
that ' (x1) < f'(x2).

To guarantee that fg is monotone with respect to f, we need to
restrict our attention to the set of contiguous partitions % C &
of {1,...,n}, ie, for any B € A, if i(x1) < i(x2) < i(x3) and
i(x1) ~g i(x3), then it also holds that i(x1) ~g i(x2) and i(x2) ~g
i(x3). More formally, we have the following result:

PROPOSITION 3.3. Given a classifier f with n bins, fg is monotone
with respect to f iff B is a contiguous partition on {1,...,n}.

Algorithm 1 It returns the optimal partition 8% such that fg- is
within-group monotone.

1: Input: {al,z, .. "“":Z}zez
2: Initialize: B;, = {} VL r € {2,...,n}, 81, = {1,...,r} Vr €
{1,...,n}
3: forl € {2,...,n} do
4: forre {l,...,n} do
5: Sy = {k|k <Lag, 11z <aqu.r:Vz€ Z} {Refer to
Lemma. 4.1}

6: if S;, = 0 then

7: Continue {In this case #;, = 0}
8: end if

9: k* = argmaxeg, | B4

10: By =By U {{L,....,r}}

11:  end for

12: end for

13: I* = argmax;e(y  n} |B,—)n|
14: return B« ,

Surprisingly, while | 2| = 2"~1, we will show in the next sec-
tion that it is possible to find the optimal contiguous partition
B* = argmax g g | B| such that fg- is within-group monotone in
polynomial time using dynamic programming.

4 OPTIMAL SET PARTITIONING VIA
DYNAMIC PROGRAMMING

In this section, we derive an efficient algorithm based on dynamic
programming that is guaranteed to find the optimal partition.

Our starting point is the following observation, which allows us
to break down the problem of finding the optimal partition 8* into
several subproblems. Let %, be the set of contiguous partitions of
the bin indices {1,...,r}, with r < n, and Py, C By be the subset
of those partitions such that, forany 8 = {Ajy, .. ., A g } € By, it
holds that A g| = {I,...,r} and fgug is within-group monotone
on the region of the feature space defined by U;<,X;, where 8’
is any partition of the bin indices {r + 1,...,n}>. Then, it clearly
holds that the optimal partition 8* € UlL, %), and thus we can
break the problem of finding 8* into n subproblems, i.e., finding
the optimal partition BZ n = ATgMaXge g, |B| within each subset
%) . From now on, with a slight abuse of notation, we will write
fw instead of fg, g whenever B’ refers to any partition of the bin
indices not in B.

Next, we realize that we can efficiently find the optimal partition
an in each subset % ,, recursively using dynamic programming.
The key idea of the recursion is that any partition 8 € %, needs
to satisfy the following necessary and sufficient conditions:

LEMMA 4.1. Given any B € %y, it holds that B € %, if and only
if 3k < lsuch that B\ {{l,...,r}} € Bry_1 andagr -1}, <
al,..rhz Vze Z.

Consequently, we can efficiently find all the partitions in the
subsets ) , iterating through [ using the partitions in the subsets
Py 1-1 with k < 1. Finally, by construction, it clearly holds that, if
Bl*,r =8"U{{L...,r}}, with 8" € By ;_4, is the optimal partition

3Note that it may be impossible to satisfy both conditions simultaneously if, for example, the
Simpon'’s paradox [13] holds, i.e., for every group z € Z and every pair of indices i < j, we have
that @j z > aj 2. In those cases, we may have that 98y, = 0 forall 1 < I<r.
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in %, then 8’ = 87, |
a result, at each step of the recursion, we only need to store the

optimal partition Bl*,r'

is the optimal partition in %y ;_;. As

Algorithm 1 summarizes the overall procedure, which has com-
plexity O(n® x | Z|) and is guaranteed to find the optimal partition
B*, as formalized by the following theorem:

THEOREM 4.2. Algorithm 1 returns 8" = argmax g, o |B| such
that fg= is within-group monotone.

Remark The problem of finding a within-group monotone clas-
sifier relates to isotonic regression and within-group calibration.
More specifically, since the structure of our problem resembles iso-
tonic regression, one may think of using a simple variation of the
Pool Adjacent Violators (PAV) algorithm [14] to find the optimal
(contiguous) partition. However, in Appendix B, we show that the
PAV algorithm (Algorithm 2) may not find the optimal partition.
Furthermore, it is not even guaranteed to find a partition satisfy-
ing an intuitive type of local optimality. Within-group calibration
requires that the probability that a candidate is qualified is inde-
pendent of their group membership conditioned on their quality
score and hence implies within-group monotonicity. In Appendix C,
we first propose an algorithm to find an optimal within-group cal-
ibrated classifier (Algorithm 3). Then, we show that finding the
optimal within-group calibrated classifier is computationally easier,
however, in many cases, such a classifier may not exist and, when
it does, the size of its partition may be much smaller than the size
of B*, leading to less fine-grained predictions.

5 EXPERIMENTS USING SURVEY DATA

In this section, we create multiple instances of a simulated screening
process using US Census survey data to first investigate how fre-
quently within-group unfairness occurs in a recruiting domain. We
then compare the partitions, as well as induced screening classifiers,
provided by Algorithms 1, 2 and 3 in Appendix E.

Experimental setup. We use a dataset consisting of ~3.2 million
individuals from the US Census [15]. Each individual is represented
by sixteen features and one label y € {0,1} indicating whether
the individual is employed (y = 1) or not (y = 0). We think of
employment as a (imperfect) proxy of qualification. The features
contain demographic information such as age, gender, etc (Appen-
dix B4, [15]). We run four sets of experiments where, in each of
them, we use a different feature (US citizen status, race, gender, or
disability record) to define the demographic groups of interest Z*.

For the experiments, we randomly split the dataset into two
equally-sized and disjoint subsets. We use the first subset for trai-
ning and calibration and the second subset for testing. More specif-
ically, for each experiment, we create the training and calibration
sets Dy and D, by picking 100,000 and 50,000 individuals at ran-
dom (without replacement) from the first subset. We use Dy, to
train a logistic regression model f7z> and use Dy, to both (approxi-
mately) calibrate f; g using uniform mass binning (UMB) [2, 16], i.e.,
discretize its outputs to n calibrated quality scores, and estimate the
relevant probabilities p;, a;, p; | ; and a; ; needed by Algorithms 1, 2,
and 3. The resulting (approximately) calibrated classifier serves as
“In this section, we focus mainly on groups Z based on US citizenship status and race. However,

Appendix E.4 shows similar results for groups Z defined based on gender and disability record.
5The classifier fLR achieves a test accuracy of ~74% at predicting whether an individual is qualified.

Nastaran Okati, Stratis Tsirtsis, and Manuel Gomez-Rodriguez

i 100
pool’i=1
of 100 pools, each with m = 100 individuals picked at random from
the second subset, and create (the smallest) shortlists with at least

k qualified individuals using the screening classifiers fg«, fg

pav’

and fg+ , induced by the partitions found by Algorithms 1, 2 and 3,

our screening classifier f. For testing, we create a set {D

respectively. Throughout the experiments, we estimate the average
and the standard error of the reported quantities by repeating each
experiment 100 times.

Within-group unfairness occurs frequently between indi-
viduals from minority groups, especially with fine-grained
classifiers. We start by estimating the probability py | , that an indi-
vidual from a demographic group of interest z € Z may suffer from
within-group unfairness, ie., pg|, = Pr(Zl—:z) Lie(1,..n} PiPz|ivi>
wherev; =1 [Elaj € Range(f) | a; < aj Najz > aj,z].Figure 2asum-
marizes the results for a screening classifier f with n = 15 bins. We
find that individuals who belong to minority groups are much more
likely to suffer from within-group unfairness than those who belong
to a majority group. For example, the probability that an individual
who is not a US citizen may suffer from within-group unfairness is
Pd|z > 0.3 while it is almost impossible that an individual born in
the US is treated unfairly within its group. Further, we investigate
to what extent the probability py = }.;c z P(Z = 2)py | ; that an
individual may suffer from within-group unfairness depends on the
number of bins n of f. Figure 2b shows that the more fine-grained a
classifier is, the higher the probability that an individual may suffer
from within-group unfairness, e.g., for n < 10, p; < 0.05 while, for
n =40, pg > 0.12 across all sets of groups Z. Since the accuracy of
a calibrated classifier is related to how fine-grained its predictions
are [2], the above finding suggests that high accuracy may have a
cost in terms of within-group unfairness.

Our results so far show that the probability that individuals may
suffer from within-group unfairness is significant. Next, we estimate
the probability that, in a test pool of size m, an individual does suf-
fer from within-group unfairness, i.e., pg| Dpoot = # Dixe Dpoot V>
whereo, =1[3x’ € Dpool | @i(x) < Gi(x) A di(x),z > aj(x).z |- Fig-
ure 2c shows that, on average across all test pools, the probability
Pd| Dyou follows the same trend as p;, however, it is slightly lower
in value because each of the test pools is not representative of the
entire population. However, note that, as m — oo, one can readily
conclude that py | Dyoot — Pd-

Algorithm 1 consistently provides larger partitions, which
result in more fine-grained classifiers and smaller shortlists,
than Algorithms 2 and 3. We further compare the partitions, as
well as induced screening classifiers, provided by Algorithms 1, 2
and 3. Our results show that, as expected, Algorithm 1 consistently
provides larger partitions, which result in more fine-grained clas-
sifiers and smaller shortlists, than Algorithms 2 and 3. Refer to
Appendix E for a detailed discussion.

6 CONCLUSIONS

In this work, we have first shown that optimal screening policies
using calibrated classifiers may suffer from an understudied type
of within-group unfairness. Then, we have developed a polynomial
time algorithm based on dynamic programming to minimally mod-
ify any given calibrated classifier so that it satisfies within-group
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—@— Citizenship status (Z)

Race code (Z) ~ —— Gender (Z) ~ —¥— Disability record (2)

Citizenship status (2) Race code (Z) o= o
0.3 Born in Unincorporated US| 0.3 B American Indian or Alaska 0.25 0.25
+ Not a US citizen Black or Aftican American o 5
. Bom abroad Asian, Native Hawaiian or other 020 020
0.2 B - orn in the US 02 - White ~
-2 . ~0.15 0.15
IS8
0.10 0.10
0.1 0.1 = +
0.05 0.05
0. 0.0 - 0.00 0.00{48
0.01 0.05 0.07 086 0.01 0.1 0.12 0.77 !
Pr(Z = z) Pr(Z = =z) n

@) pa|z vs.Pr(Z = z)

(b) pa vs.n

(©) pa) D,

vs.n
00l

Figure 2: Probability that an individual suffers from within-group unfairness. Panel (a) shows the probability p; |, that an
individual from group z may suffer from within-group unfairness against Pr(Z = z) for n = 15. Panel (b) shows the probability
pq that an individual may suffer from within-group unfairness and Panel (c) shows the probability p | Dpool that an individual

suffers from within-group unfairness in a test pool D, of size m, averaged across all test pools, against n = [Range(f)|.

monotonicity, a natural monotonicity property that prevents the
occurrence of within-group unfairness. Finally, we have shown that
within-group monotonicity can be achieved at a small cost in terms
of prediction granularity and shortlist size.

Our work opens up many interesting avenues for future work.
For example, it would be interesting to design classifiers that are
within-group monotone with respect to every group that can be
identified within a specified class of computations [17]. Further, it
would be important to investigate how within-group monotonicity
interacts with group fairness [9, 18]. Finally, it would be inter-
esting to design post-processing algorithms using a sample access
model [19] rather than a prediction-only access model and optimize
other quality measures different from the partition size.
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A RELATED WORK.

There is an extensive and rapidly growing line of work addressing bias and discrimination in the machine learning literature (refer to [20]
for a detailed survey). This line of work has applications in a variety of important domains, including health care, criminal justice, and
recommender systems. However, it has predominantly focused on preventing discrimination across demographic groups of interest, e.g.,
designing machine learning models whose predictive performance is invariant across groups. In contrast, we focus on preventing unfairness
within groups.

Within the above machine learning literature, there are a few notable exceptions [21-24], which studied similar notions to within-group
monotonicity (in the context of ranking) and within-group unfairness. Among them, the notion of in-group monotonicity by [21, 24]
is perhaps the most similar to within-group monotonicity. However, it comprises only the top-k ranked candidates in a specific pool of
candidates (i.e., in our work, the shortlisted candidates), rather than every candidate in a population of interest, and unconditional quality
scores, rather than group conditional quality scores. Moreover, their formulation is fundamentally different and their technical contributions
are orthogonal to ours. [22] addresses within-group unfairness as a measure of how unequally members within a group benefit from
algorithmic decisions. In contrast, our notion of within-group monotonicity asks for accurately ranking individuals belonging to a group
in terms of how worthy they are of receiving a beneficial decision rather than equally benefiting them. In this context, it is also worth
highlighting the notion of within-group calibration [25], which implies within-group monotonicity, as discussed previously. Within-group
calibration asks for equally well-calibrated probability estimates across groups so that a decision maker cannot use group membership to
interpret these estimates. However, in the context of screening, our results show that within-group calibration may be an unnecessarily
strong requirement.

Our work also relates to a line of work devoted to the study of calibration in supervised learning [16, 26]. Here, the main focus has been
the design of classifiers with low calibration error using calibration-aware training or post-hoc re-calibration. However, there have also been
efforts to ensure calibration errors are bias-free [27]. Here, we do not aim to minimize calibration error but ensure a calibrated classifier
satisfies within-group monotonicity.
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Algorithm 2 It returns a partition Bp,y such that fg

pav

is within-group monotone.

1: Input: {al,z, e an,z}zez

: Initialize: Bpay = {{1},...,{n}}

: while 3A;_1, A; € By and z € Z such that ag, ; < az,_, - do
Bpav = Bpav \ {Ai-1, Ai}
Bpav = Bpav U {ﬂi—l U ﬂl}

end while

N}

I A U

: return B,y

B POOL ADJACENT VIOLATORS (PAV) ALGORITHM

Since the structure of our problem resembles isotonic regression, one may think of using a simple variation of the many times re-discovered
Pool Adjacent Violators (PAV) algorithm [14] to find the optimal (contiguous) partition. However, in what follows, we first show that the PAV
algorithm may not find the optimal partition—it is not even guaranteed to find a partition satisfying an intuitive type of local optimality. In
comparison with the original PAV algorithm, the only difference is that, in our setting, one needs to check for monotonicity violations across
multiple sets of conditional predictors, one per group z € Z, rather than only one set of predictors. However, the main idea underpinning
the PAV algorithm remains the same, i.e., as long as there are monotonicity violations between two adjacent cells, the algorithm merges the
corresponding cells into one. Algorithm 2 summarizes the overall procedure, which has complexity O(n? X | Z|) and is guaranteed to return
a partition Bp,y such that fg is within-group monotone, as formalized by the following Proposition:

pav

ProposITION B.1. Algorithm 2 returns a partition Bpgy € % such that the classifier fg,,, is within-group monotone.

Unfortunately, while the original PAV algorithm does enjoy global optimality guarantees for the isotonic regression problem® under
multiple choices of loss functions [29], this is not true for our problem. There exist many instances for which Algorithm 2 fails to find the
optimal partition 8%, with one being the following example:

ExaMPLE 1. let Range(f) = {a1, a2, a3}, Z = {z1,22} and pip;|; = %for alli € {1,2,3} and z € Z. Further, let a1z, = a3z, = a3z, = a,
aiz, =2, azz, = 3a and a3z, = 4a, where a € [0, 0.25]. First, we note that, by construction, it holds that a; = %a <ay=2a<az= %a.
Now, since a1z, > Ga,z,, Algorithm 2 first merges these two bins, then, since a(y 3} ;, > a3}z, it merges all the three bins together and finally
it terminates, returning 8 = {{1,2,3}}. However, since it holds that a1z, < a{y3),, and aiz, < a(33} ,, it clearly holds that the partition

B’ = {{1},{2,3}} induces a classifier fg: that is within-group monotone and it readily follows that fg: dominates fg.

Also refer to Figure 5 in Appendix E.2. In fact, Algorithm 2 does not even enjoy a type of intuitive local optimality guarantee based on the
notion of dominance [2]:

DEFINITION B.2. Let f and f’ be calibrated classifiers. Classifier f dominates f’ if, for any x1, x5 € X such that f(x1) = f(x2), it holds that
f(x1) = f/(x2).

More specifically, if fg dominates fg/, it can be shown that the expected size of the shortlists provided by the optimal screening policies
using fg are not larger than those using fgs (Corollary 4.3, [2]) and it clearly holds that |B| > |8’|.

The reason why Algorithm 2 may fail to find the optimal partition is that, whenever it tries to fix a monotonicity violation between
two adjacent cells A;_; and A;, it does so by merging them. However, in our problem, the optimal fix may require merging cells A; and
Aiy1. partition.

©In the isotonic regression problem [28], given a set of response variables { y; }ie[n]> the goal is to find a set of predictor values {x; };e[n], Withx; < xj41 foralli € [n], such that 3; £(x;, y;) is minimized,
where £(x;, y;) is a loss measuring how well x; approximates y;.
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Algorithm 3 It returns the optimal partition B:al such that fg»«l within-group calibrated.
caj

: Input: {al,z, el angz}zez
: Initialize: B,; = {} Vie {1,...,n}
: if a1, =a; Vz € Z then
Bcal,l ={{a1}}
end if

: forr e {2,...,n} do

[ T N

k* = argmaxgcg, |Bcal,k—1|

if Bealkr-1 # 0 then

10: Bcal,r = Bcal,k*fl U{{k*....r}}

11:  elseif apy, ) =aq,. . Vz € Z then
12: Bcal,r:{{ls---:r}}

13:  endif

14: end for

15: return By,

Y o 3N

C WITHIN-GROUP MONOTONICITY VS WITHIN-GROUP CALIBRATION

Within-group calibration, or calibration within groups requires that the probability that a candidate is qualified is independent of their
group membership conditioned on their quality score. More specifically, it is defined as follows [25, 30]:

DErINITION C.1. Given a set of groups Z, a classifier f is within-group calibrated iff, for every z € Z, a € Range(f) such that Pr(Z =
z| f(X) =a) >0, it holds thatPr(Y = 1| f(X) =a,Z =2) = a.

As discussed previously, within-group calibration implies within-group monotonicity. Then, to minimally modify a calibrated classifier
f so that it becomes within-group monotone, one may think of finding the optimal partition 8; | = argmaxg. 4 |8]| such that fg is
within-group calibrated. In what follows, we will first show that, perhaps surprisingly, finding B:al is computationally easier” than finding
B*. However, we will further show that, in many cases, B:al may not exist and, when it does, the size of B:al may be much smaller than the
size of B*, leading to less fine-grained predictions.

To find the optimal B |, we proceed recursively. Let %, be the set of contiguous partitions of the bin indices {1, ..., 7}, with r < n. Then,
iterating through r, we find the optimal partitions B:al,r = argmax g, g, | B such that fBZal,r is within-group calibrated in U;<,Xj. In this
case, the key idea of the recursion is that any partition 8 € %, such that fg is within-calibrated on U;<,X; needs to satisfy the following
necessary and sufficient condition:

LemMma C.2. Given any B € %, it holds that fg is within-calibrated on U;<,X; if and only if Al < r such that B\ {{l,...,r}} € Bj;_; and
f8\{{1...,r}} is within-group calibrated on U;<;_1Xi anday; . =aq,. r Y2€Z.

As a consequence, we can efficiently find all partitions 8 in the subsets %, such that fg is within-group calibrated iterating through r
using the partitions B’ in the subsets %) with | < r such that fg is within-group calibrated. Finally, by construction, it clearly holds that if
the optimal partition B:al,r =8B"U{{L,...,r}}, with B’ € %;_,, is the optimal partition in %, then B’ = B:al, ;. is the optimal partition in
P_1. As a result, at each step of the recursion, we only need to store the optimal partition B;, not all partitions 8 € %, such that fg is
within-group calibrated, and reuse it to find all B}, with " > r.

Algorithm 3 summarizes the overall procedure, which has complexity O(n® x | Z|) and is guaranteed to find the optimal partition B if
such a partition exists, as formalized below:

Tueorem C.3. Algorithm 3 returns B, | = argmaxge g |B| such thatfg:al is within-group calibrated if such partition exists or @ otherwise.

Unfortunately, there are many cases in which 8" | does not exist, e.g., this will happen if f systematically undervalues the probability that
individuals from a group are qualified, in comparison with individuals from another group:

ProposiTiOoN C.4. Let Z = {2,2'}, p;|; = py|i and aiz < aj foralli € {1,...,n}. Then, there exists no 8 € % such that fg is
within-group calibrated.

In the above situation, f may actually be within-group monotone and thus |8*| = n. Even if Bé‘al exists, there are examples where
[B*|-|8%,|=n—-1.

cal

7Using a similar proof technique as in Theorem 3.1, it can be proven that the problem of finding the partition 8 € 2?2 of maximum size such that fg is within-group calibrated is NP-hard. Therefore, in general,
the computational complexity is not lower.
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D PROOFS

D.1 Proof of Proposition 2.1
By definition, the threshold decision rule z outputs S = 0 if f(X) = aand S = 1if f(X) = b. As a result, it immediately follows that:

Ey~py xz5~x [Y(A =S| f(X) = a,Z = z] =By.py , , [Y|f(X) =4, Z =7]
> HE}’”“I))I‘;(Yzf [ 1’ |~f‘()() = lh ZZ = Z] = EE)’”Vlj)I‘;(‘zg,f;"dit [iI:; |_f‘()() = 17: ZZ = ;:] .

D.2 Proof of Theorem 3.1

We call a partition 8 € & valid if fg is within-group monotone. We first show that, by finding a valid partition 8 of maximum size, we can
decide whether there exists a valid partition B’ of size |B’| = 2. Assume the valid partition B of maximum size has size |B| = m. Then, if
m > 2, we can conclude that such a partition exists using Lemma D.1 and, if m < 2, no such partition exists because 8 is the valid partition
of maximum size. Now, since we prove in Lemma D.2 that this decision problem is NP-complete, we can directly conclude that the problem
of finding the valid partition of maximum size is NP-hard.

LemMA D.1. Assume the valid partition B of maximum size has size |B| = k. Then for every k’ € {1,...,k — 1}, there exist a valid partition
B’ such that |B’| = k’.

Proor. By Proposition 3.3, we have that any contiguous partition 8’ on {1,...,|8B|} is monotone with respect to fg. Furthermore,
due to the same proposition, 8’ is also monotone with respect to the set {aﬂixz}ie{l I8l for all z € Z. Since B is valid, we have

that {aﬂi,z}ie{l 18]} is increasing for all z € Z. As a result, 8’ is a valid partition. Thus, for any k” € {1,...,k — 1}, we have that the
contiguous partition 8’ = {A, Az, .. ., A\ 8-k 15 Uje{o,...,k'}ﬂ|$|—j} is valid and |8’| = k’. This concludes the proof. O

LEMMA D.2. The problem of deciding whether there exists a valid partition B such that |B| = 2 is NP-complete.

Proor. First it is easy to see that, given a partition 8B, we can check whether the partition is valid and has size |8| = 2 in polynomial
time. Therefore, the problem belongs to NP.

Now, to show the problem is NP-complete, we perform a reduction from a variation of the classical partition problem [5], which we
refer to as the equal average partition problem. The equal average partition problem seeks to decide whether a set of n positive integers
S ={s1,...,sn} can be partitioned into two subsets of equal average. In Theorem D.3, we prove that the equal average partition problem is
NP-complete, a result which may be of independent interest®.

Without loss of generality, we assume s; € [0,1] for alls; € S° and, s; < sjif i < j. Forevery s; € S, we set ajz, = sj, diz, = 1 — s,
pi = %, Pz |i =& Pz, |i = 1 —afor a € (0.5,0.75]. Note that we will have that a; = as; + (1 —a)(1 —s;i) = (2a — 1)s; + (1 - a) € [0,1]. Note
first that for any A € B

_ ZjeAPiPz | j%.a _ LjeA n%am  LjeA bz Zjea(l-ajz)

anz, = = =1 =1-agq., ()
“ YieA PPz | j YieAn [A | Al “
,and
YiealRa—-1aj, +1-a) YicAaj,
aq = JeA |y(|]Z1 :(Za—l)$+l—a:(Za—l)ag(,zl+l—a (3)

Note that, whenever we have that a7 ,, < a gz ,,, it will also hold that az < az’ as 2a -1 > 0.
Now, assume a valid partition 8 with |B| = 2 exists and 8 = {A1, Az }. Without loss of generality, assume a g, ;, < a4, z,- Since Bisa
valid partition, we should have also that a#, ., < ag, ,,, furthermore,

AAz S AAyzy = 1= Az 2 1A, 2, = Az, 2 AA,z 4)

Since it simultaneously holds that a g, ,, > a4, ., andag, ,, < a.a, z,,a valid partition 8 with | 8| = 2 exists ifand only if a #, ., = a7, ,
and hence a g, ,, = ag, ;- As agq, z, is the average of s; for j € A; and aq, ;, is the average of s; for j € Aj the partition B can partition
S into two subsets of equal average.

We now prove that if no valid partition 8 with |8| = 2 exists, there is no way of partitioning S into two subsets of equal average. For the
sake of contradiction, assume S can be partitioned into S; and Sz with equal averages k. Define A; = {i|s; € S1} and Az = {j |sj € Sz}.
Now if we build an instance of our problem based on S as described before and set 8 = {A;, Az} (clearly we have that B is a partition of
{1,...,n}) we have that az, ,, = aq,, =K, QA z, = A, z, = 1 — K (refer to Eq. 2) and a g, = ag, = (2a — 1)k + (1 — ) (refer to Eq. 3). As
aresult, we have that 8 is a valid partition of size 2 which is a contradiction. This concludes the proof. O

THEOREM D.3. Given a set of n positive integers, the problem of deciding whether it can be partitioned into two non-empty subsets of equal
average is NP-complete.
8Given the similarity of the equal average partition problem to the classical partition problem, we would have expected to find a proof of NP-completeness elsewhere. However, we

failed to find such a proof in previous work.
9We can always divide every element in S by the largest member of S to ensure elements fall in [0, 1].
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Proor. First it is easy to see that, given two subsets, we can evaluate in polynomial time their averages and check whether they are equal
or not. Therefore, the problem belongs to NP.

In the remainder of the proof, we will perform a reduction from the equal cardinality partition problem, which is known to be NP-complete,
to the equal average partition problem. In the original problem, we are given a set of n positive integers S, where n is an even number.
The objective is to decide whether there exist two subsets 81,82 C S such that S; US; = S and 81 NSy = 0, with |S1] = |Sz| and
Yies i= ZjeSz J-

Now, we will transform an arbitrary instance of that problem into an instance of the equal average partition problem. Let the set of
integers be 8’ = S U {no, no}, where o = Y cs k. It is easy to see that the average of S’ is equal to %

We will start by showing that, if we can decide positively about that instance of the equal average partition problem, we can also decide
positively about the original instance of the equal cardinality partition problem. Assume there exists a partition of S” into two sets S, S,
with equal averages. As an intermediate result, we will show that the two copies of the number ng cannot belong to the same set S; or Sj.
For the sake of contradiction, and without loss of generality, assume that both copies belong to Sj.

In the case where S{ = {no, no}, it holds that Zl%ﬁl =no and Zl%zé‘] = % which is a contradiction, since the two quantities cannot be

n U i
ZZE51 _ 2no+k

equal because of n > 2. In cases where S] contains at least one more element, since S; # 0, we get that TS = ,with 0 < k < o and
1

2+1
Yjes)J
1<l<n-1,and ‘j;—%l = %.Itfollows that
2
1 oK Zjes;l ) Zjes;) (@n+1)o ZjeS)) Sies k
<1= So-k= <o = < = < ,
n—1 n—1l 1S)] & n+2 1S5] S|

where () holds because n > 1. According to Lemma D.4, the last inequality leads to a contradiction. With that, we can conclude that one
copy of no belongs to S; and the other one belongs to S;.

Let S1, Sy be such that S{ ={no} U S; and Sé = {no} U S,. We will now show that S; and S; are a solution to the original instance of
the equal cardinality partition problem, ie. [S1| = |Sz| and X s, i = X je s, Jj. It is trivial to see that Sy, Sz have to be non-empty, otherwise
the averages of S| and S; would differ. Since Sy, S are a partition of S’ with equal averages and because of Lemma D.4, we know that

no+ Yies, i _no+ 2jesS, J _(@2n+1)o
1481~ 148 T n+2

©)

For the sake of contradiction, assume that either |Si| # |Sz| or Yjes, i # X jes, j. For brevity, we will focus only on the two following
cases, as any other case leads easily to a contradiction:

o |51 < |Sz2] and Yjes, i < Xjes, Ji Since Si, Sz are such that S; U Sz = S, it holds that

(*) 2n+1 2n+1
Si-Yi<os %(1+|Sz|)—n0'—%(1+|Sl|)+na<d=>
jesS, ieS; n+ n+

(2n+1)o

" (IS2] = I81]) < 0= 2n+ 1)(|S2| = |S1]) < (n+2) (3) 2n+l<n+2=n<1,

where (*) follows from Equation 5, and (#x) holds because |Sa| — |S1| > 1. The last inequality is clearly a contradiction.
o |S1] > [S2| and Yje s, i > X jess, j: The proof is the symmetric version of the proof in the previous case.

Therefore, we can conclude that S; and Sy are a solution to the original problem, i.e., they are a partition of S with equal cardinality and
equal sums.

Lastly, we will show that, if there is no partition of S” with equal averages, there can be no equal cardinality partition of S with equal
sums. For the sake of contradiction, assume there exist S1, Sz with [S1] = |Sz| and Yjes, i = X jes, j- Then, let S| = {no} U S; and
8; = {no} U Sy. 1t is easy to see that

Zi€3{i n0+2i631i n0'+2j632j _ ZiESéi

T T O O

(6)

which is a contradiction, since it means that S] and S are a partition of S’ with equal averages.
Following the above procedure, we can decide whether the original instance of the equal-cardinality problem has a solution or not. As a
consequence, the problem of deciding whether a set of positive integers can be partitioned into two subsets of equal average is NP-complete.
O

ieS; 1 i j i i .
LEmmA D.4. A set of integers S can be partitioned into two non-empty sets S1, Sz with equal averages Zl'gfl‘ = Z";f"i ! iff Zl’gﬁ = ZII?SI k,

with |S1] € |S].

10

1103
1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124
1125
1126
1127
1128
1129
1130
1131
1132
1133
1134
1135
1136
1137
1138
1139
1140
1141
1142
1143
1144
1145
1146
1147
1148

1149



1161
1162
1163
1164
1165
1166
1167
1168
1169
1170
1171
1172
1173
1174
1175
1176
1177
1178
1179
1180
1181
1182
1183
1184
1185
1186
1187
1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217

1218

Proor. First, assume there is such a partition of S into 81, Sa, with equal averages. It holds that

Biesil_ Zhestodies L s Y i=isil| Yl k- Y] =181 Y i=1si Y

|Sl| |S| B |Sl| i€S; keS i€S; i€S; keS
Ziesl i _ Zkesk
|S1] S|~

where S; C S because Sy # 0.

Now, assume there exists a set S; C S, such that % = % and let S = S\ §;. It is easy to see that

. . 1S ]
Yjes,J _ Skesk—Sies i Zkesk 57 Zkesk 3y gk
Sol S-S - 18 S
Sz S| — |S1] |3|(1—ﬁ) S|

and therefore, the sets S1, Sy consist a partition of S with equal averages. O

D.3 Proof of Proposition 3.3

We first prove the sufficient condition, i.e., we prove that, if fg is monotone with respect to f, then 8 is a contiguous partition on {1, ...n}.
The proof is by contradiction. Assume 8B is not a contiguous partition, i.e., there exists x1,x2,x3 € X such that i(x1) < i(x2) < i(x3)
and i(x1) ~g i(x3) while i(x1) »g i(x2). If a[j(x,)] > G[i(x,)]> then fg(x1) > fg(x2), however, since f(x1) < f(x2), this leads to a
contradiction with the monotonicity assumption. On the other hand, if a[;(x,)] < a[i(x,)]> then fg(x3) < fg(x2) since i(x1) ~g i(x3)
and thus a[;(x,)] < a[i(x,)]> however, this leads again to a contradiction with the monotonicity assumption. This proves that 8 must be a
contiguous partition.

Next, we prove the necessary condition, i.e., we prove that, if B is a contiguous partition on {1,...n}, then fg is monotone with respect
to f. For any x1, x2 € X such that f(x1) < f(x2), we have that:

Zleli(x1)] WP - Zleli(xy)] UPI
2leliGe)] Pl Zle[i(x:)] Pl

where the inequality is due to Lemma D.5 below and the fact that the weighted average of a set of numbers is lower and upper bounded by
the smallest and largest element of the set respectively.

fo(x1) = ajix)) = = A[i(xy)] = f8(x2).

LEmMA D.5. Let f be a classifier with Range(f) = {ax, ..., an}, B be a contiguous partition on {1, ...,n} and x1,x2 € X. Ifi(x1) < i(x2) and
i(x1) *g i(xy), then, for every k € [i(x1)] and k" € [i(x2)], it holds thatk < k’.

Proor. To prove the lemma, we just need to prove that the largest index in [i(x;)] is smaller than the smallest index in [i(x2)]. The proof
is by contradiction. Let I = max{k | k € [i(x1)]} and s = min{k | k € [i(x2)]} and assume that [ > s. Then, it cannot simultaneously hold that
i(x1) =1 and i(x2) = s since we have that i(x1) < i(x2). Assume first that i(x1) # [, and take x3, x4 € X such that i(x3) = s and i(x4) = L.
If i(x3) < i(x1), then it holds that i(x3) < i(x1) < i(x2), however, since i(x2) ~g i(x3) and i(x1) +g i(x2), this leads to a contradiction
with the assumption that 8 is contiguous. If i(x3) > i(x1), then it holds that i(x1) < i(x3) < i(x4), however, since i(x1) ~g i(x4) while
i(x3) +g i(x4), this also leads to a contradiction with the assumption that 8 is contiguous. If one assumes instead that i(x;) = [, a similar
reasoning using i(xy) and i(x4) leads to a contradiction too. This completes the proof. o

D.4 Proof of Lemma 4.1

We first prove the sufficient condition, i.e., we prove, for any 8 € %, Ik < Isuchthat B\{{L,...,r}} € By ;_1andagr_ 11}z < aq. . r)z
Vze Z.Let 8’ = B\ {{L,...,r}}. To this end, we start by proving by contradiction that 3k < I such that B’ € % ;_;. Since the partition 8
covers {1,...,r}, we have that the last cell of B’ contains bin [ — 1. Assume B’ ¢ U;c;ll By 1-1- Then, there must exist A, A’ € B’ andz € T
such that ag < az and ag , > az . However, since 8’ C 8, it also holds that A, A’ € B and fg cannot be within-group monotone on
Ui<r&Xj, leading to a contradiction. Therefore, it must hold that 8’ € Ui_:ly%k,l—l- Now, to prove that, if B’ € Ui_zly%)k,l—l and B € %,
then it must hold that agy ;1) < aq;. ). Yz € Z, we resort to Lemma D.6.

We next prove the necessary condition, i.e., we prove that, given any 8 € %,, if 3k < [ such that 8\ {{I,...,r}} € % ;_; and
Ak, -1}z S a4l ryz V2 € Zthen B e %y, Let B’ = B\ {{I,...,r}}. Since B" € H ;_;, we know that no violations of within-group
monotonicity occurs on U;<;_1Xj. Now, we prove that there are no violations of within-group monotonicity between {I,...,r} and any
A € B’. By assumption, we know that there are not violations of within-group monotonicity between {/,...,r} and {k,...,I — 1}. Then, we
prove by contradiction that there are not violations between {L,...,r} and any A € B" \ {{k,...,l - 1}}.Forany A € B’ \ {{k,...,[ - 1}},
it follows from Proposition 3.3 that az < a(r _;_1) andag < ayj - Now, assume there exists A € 8’ \ {{k,...,I - 1}}, z € Z such that
aaz > a1, r},.- Since, by assumption, we have that agx -1}, < aqy ),z it should hold that agx 1}, < aa,,, which contradicts
with the assumption that 8’ € %} ;_;, leading to a contradiction. This proves that 8 € % ,..
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ProOF. Since B’ € %y 11, we know that {k,...,] - 1} € B’. Moreover, it follows from Proposition 3.3 that fg is monotone with respect
to f and hence, since k < [ and k »g [, we have that agy _;_1} < ay;_,y. Further, since 8 € 8B ,, we have that, for every A, A’ € B such
thataz < aq,itholdsthatag, < ag . forall z € Z. Thus, it also holds that agy _ j_1}, < aq ) forallz e Z.

O

D.5 Proof of Theorem 4.2

To prove that Algorithm 1 returns the optimal partition 8%, we just need to prove that, for each ,r € {1,...,n}, the partition B;, the
algorithm finds is optimal, i.e., B, = BZ .- In what follows, we prove this by induction.

For the base cases, we have that 81, = {{1,...,r}} are clearly optimal since %, only contains {{1,...,r}} forallr € {1,...,n}.
As the induction hypothesis, assume that, for any I’ < [ and ’ < r, the partition By, the algorithm finds is optimal. Moreover,
let S;, = {k lk<Lag. 1-1),z <aq,..r,z V2 € Z}. Then, for (I,r), we need to show that B;, = Bp;_1 U {{L,...,r}}, with k* =
argmaxyes, . |Bk,lfl |, is optimal.

To this end, we first show that fg,  is within-group monotone on U;<;Xj, i.e., B, € & ,. We have that, by the induction hypothesis,
By -1 € Py~ )1 and, by definition, k* € S;,. Then, it follows directly from Lemma 4.1 that fg € %;,. Next, we show that B;, =
argmaxge g, . |8|. Using again Lemma 4.1, we have that, for any 8 € %, it holds that 8 = 8’ U {{l,...,r}}, with B’ € %y ;_4, for

some k € S;,. As aresult, since |8’ U {{L,...,r}}| = |B’| + 1, it suffices to find B’ = argmax z B’'|. Now, by the induction
Lr g B EUkESIrL@kJ_l Yy

hypothesis, we know that, for each % ;_1, By ;-1 is the optimal partition. Then, since k* = argmax; g, . |Bk,l—1 | we can conclude that
B, is optimal.

D.6 Proof of Proposition B.1

We prove by contradiction. Assume there exist violations of within-group monotonicity. We first define the nearest violating triplet, (I, r, z),
as:

(Lr,z) = argmin |j —i| suchthatag, , > aA; .z
{(i,j,z) | i,jeRange(f),i<j,ze Z}
If r = I + 1 then it contradicts with the assumption that no monotonicity violations occur between adjacent cells. If r # [ + 1, there exists
i € Range(fg) such that [ < i < r and it does not happen simultaneously that i = [ and i = . Then it should hold that a#, , < ag, ., < ag, -
since otherwise either of (I, i, z) or (i, r, z) is the nearest violating triplet. In this case however, ag, ; < ag, , which is a contradiction with it
being a violating triplet. As a result, no such triplet can exist and fg is within-group monotone.

D.7 Proof of Lemma C.2

We first prove the sufficient condition, i.e., we prove that, given any B € %, if it holds that fg is within-group calibrated on U;<,X; then
3l <rsuchthat B\ {{l,...,r}} € B)_; and fg\({1,...r}) is within-group calibrated on U;;_1Xjand ay; ;). =ay ) forallz € Z. Let
B =8\ {{l,...,r}}. Since B covers {1,...,r}, then it holds that B8’ covers {1,...,] — 1} and hence B’ € %;_;. Since B’ C B and fg is
within-group calibrated on U;<,Xj, then it holds that fg is within-group calibrated on U;<;_1X;. Finally, since {I,...,r} € B, it also holds
that agl,..r}z = a{,...r}-

Next, we prove the necessary condition, i.e. givenany 8 € %, if 3l < r suchthat B\ {{l,...,r}} € &)_; and fg\ (... )} is within-group
calibrated on U;<;_1Xi and agy _ ,y . = aq . ) Yz € Z then fg is within-group calibrated on U;<,X;. We need to show that, for every
A € B, it holds that a g, = ag. Let 8 = B\ {{l,...,r}}. For every z € Z, it holds by assumption that ag , = ag VA € B’ and
aq,...r},z = aqi..r)- As aresult, fg is within-group calibrated on U;<,X;.

D.8 Proof of Theorem C.3

To prove that Algorithm 3 returns the optimal 87, if a solution exists, we just need to prove that, for every r € {1,..., n}, the partition
Beal the algorithm finds is optimal, i.e., By, = B:al .- In what follows, we prove this by induction.

For the base case (r = 1), we have that B, = {{a1}} iff, for all z € Z with p,|; > 0, it holds that a1, = a;. This is clearly
optimal since % only contains {{a1}}. Otherwise, it holds that B, ; = 0. As the induction hypothesis, assume that, for any r’ < r,
the partition B, ,» the algorithm finds is either the optimal partition or, if there is no solution, an empty partition. Moreover, let S, =
distinguish between two cases. If ag1,..ry * a1,.r},z V2 € Z, it means that B, = {{1,...,r}} is the only partition in %, that is within-
group calibrated and thus it is optimal. Otherwise, we can conclude that no partition 8 € %, is within-group calibrated and thus B, , = 0.
Now, if B,1 is not empty for some r’ < r, we need to show that B, = Beajpr—1 U {{k*,...,r}}, with k* = argmaxge s |Bealk—1l, is
optimal.

To this end, we first show that fg_, . is within-group calibrated on U;<,X;. Using the induction hypothesis and the fact that k* < r, we
have that B, k- is the optimal partition in %+ _;. As a result, it follows from Lemma C.2 that fg_ , is within-group calibrated on U;<,«Xi.
Next, we show that 8,1, = argmaxge g |B| among those partitions 8 such that fg is within-group calibrated. Using again Lemma C.2,
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we have that, for any B such that fg is within-group calibrated, it holds that 8 = 8’ U {{k,...,r}}, with 8’ € HBj_,, for some k € S,.

As aresult, since |B| = |8’| + 1, it suffices to find B’ = argmax g |B’’| such that fg~ is within-group calibrated. Now, by the

€Ukes, Br-1
induction hypothesis, we know that, for each %y _;, By_1 is the optimal partition. Then, since k* = argmax; ¢ g |Bcal,k—1
that B, , is optimal.

, we can conclude

D.9 Proof of Proposition C.4
We prove by contradiction. Assume there exists a 8 € % such that fg is within-group calibrated. Then, for every A € B, it must hold that
aq, =aqz = ag. Consider an arbitrary cell A € B. We have that

2jeAPjPz| j%z (i) LjeAPiPz | j%jz (i) LjeA PPz | j%)z
AAz = - = - <

2jeAPiPz 2jeAPIP | DjeA PP

where (i) follows from the fact that p,|; = p,/|; for all i € Range(f) and (ii) follows from the fact that, by assumption, a;,; < a; . for all
i € {1,...,n}. As an immediate consequence, we have that a7 , < ag < az, contradicting the within-group calibration property.

= aﬂ,z’
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Figure 3: Size of the partitions Bpay, 8" and B_ | returned by Algorithms 2, 1 and 3, respectively (higher is better).

—— f —A— fp fB,m —_ -/Bi,y

Shortlist Size
5 2 3

(a) Citizenship status (Z) (b) Race code (2)

Figure 4: Size of the shortlists created using both the original classifier f and the modified classifiers fg-, fg
k = 5 (lower is better).

and fB:al for

pav

E ADDITIONAL EXPERIMENTS USING SURVEY DATA

First note that, since we find that, in most experiments, no within-group calibrated classifier exists, we allow fg*l to be within-group

e-calibrated!® within Algorithm 3 and use binary search to find the smallest € € (0, 1) such that fB*l exists. Refer to Appendix E.3 for
additional experiments on within-group e-calibration.

E.1 Comparison of Partitions and Shortlist Sizes of Induced Screening Classifiers Corresponding to
Algorithms 1, 2 and 3

Algorithm 1 consistently provides larger partitions, which result in more fine-grained classifiers and smaller shortlists, than
Algorithms 2 and 3. We experiment with several screening classifiers f with a varying number of bins n and compare the size of the
partitions B provided by each of the algorithms, i.e., the number of bins of the modified classifiers fg. Figure 3 shows that the optimal
partition 8" is always greater in size than the partitions 8; | and Bpay. Moreover, it also shows that, as n increases, the growth in the size of
the partitions 8* and B4, diminishes because the occurrence of within-group unfairness increases, as shown in Figure 2. Further, we use
both the original classifier f and the modified classifiers fg-, f-(Bpav and fg:ﬂl to shortlist the minimum number of individuals among those in
each of the simulated test pools {Biool} such that, in expectation, there are at least k qualified shortlisted individuals per pool. To this end,
for each test pool and classifier, we sort the candidates in decreasing order with respect to the corresponding quality score and, starting from
the first, we keep shortlisting individuals in order until the sum of the quality scores reaches k (Appendix, A.3, [2]). Figure 4 shows that the
shortlists created using fg- are consistently smaller than those created using fg,, and fgg;l for k = 5. Moreover, it also shows that the price
to pay for achieving within-group monotonicity, i.e., the difference in size between the shortlists created using f and fg-, is small. We found
qualitatively similar results for other k values. Appendix E.2 takes a closer look at the (group conditional) score values of f, fg+, fg _ and

j~ pav
*

cal "

E.2 Screening Classifiers Induced by the Partitions Found by Algorithms 1, 2 and 3

In this section, we take a closer look at all the quality score values a = Pr(Y = 1| f(X) = a) and group conditional score values
az = Pr(Y = 1| f(X) = a,Z = z) of both the original classifier f and the modified classifiers fg induced by the partitions B found by

10Given a set of groups Z, a classifier f is within-group e-calibrated iff, for every z € Z and a € Range(f) such that Pr(Z = z| f(X) = a) > 0,itholds that [Pr(Y = 1| f(X) =a,Z=2) —a| < e.
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Algorithms 2, 1 and 3. Figure 5 summarizes the results for one experiment with a classifier f with n = 15, which reveal several interesting
findings.
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Figure 5: Quality score values a = P(Y = 1| f(X) = a) and group conditional quality score values a, = P(Y = 1| f(X) = a,Z = z) of
the screening classifier f and the modified classifiers fg,, , fg+, and fB:al induced by the partitions found by Algorithms 2, 1
and 3, respectively. In the first and last rows, the hatched bars indicate within-group monotonicity violations and, in the last
row, we report the smallest € value such that a within-group e-calibrated classifier fg:ﬂl exists.

As expected, fg+ and fprav are within-group monotone and fg-+ is more fine-grained than fg

pav

value oI € suc. a *  €XI1StS 1S not always 1ow enou or * 10 be within-group monotone. oreover, we 1n at, 1or 1, + all
lue of € such that fig- exists is not always | gh for f: to be within-group monotone. M find that, for f, fg- and fg
cal cal

'pav’

ie,|B*| > |Bpay|. However, the minimum

the difference among group conditional score values a; for a given quality score values a is often significant. As a result, one should be
cautious about comparing candidates from different groups z and instead utilize group-dependent decision thresholds [2] to implement
more equitable hiring practices such as the Rooney rule [31], which requires that, when hiring for a given position, at least one (or more)
candidate(s) from each minority group should be interviewed. In this context, it is also worth noting that, while using fg;: 1 would mitigate
such differences, our results show that this would reduce dramatically the granularity of the predictions. We found qualitatively similar
results for different n values.

E.3 Additional Experiments On Within-Group e-Calibration
In this section, we investigate how the smallest € such that a within-group e-calibrated classifier fB*a] exists varies against the number of
€
bins n of the screening classifier f. Figure 6 shows that, for each set of groups Z, € remains relatively constant with respect to n, however,
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the greater the difference across group conditional quality scores a; = P(Y = 1| f(X) = a,Z = z), the greater the value of € that is needed to
obtain a within-group e-calibrated classifier, as one may have perhaps expected.
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Figure 6: Minimum value of ¢ such that a within-group e-calibrated fg+ ' exists against the number of bins n of the screening
cal
classifier f.

E.4 Experimental Results for Other Groups Z
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Figure 7: Probability p, | , that an individual from group z may suffer from within-group discrimination against Pr(Z = z) for

n=15.
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Figure 8: Quality of the partitions Bp,y, 8%, and B:al returned by Algorithms 2, 1 and 3, respectively, for screening classifiers f
with an increasing number of bins n. Panel (a) shows the size |B| of the partitions provided by each algorithm (higher is better).
Panel (b) shows the size of the shortlists created using the classifiers fg induced by each partition B (lower is better).
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Figure 9: Quality score values a = P(Y = 1| f(X) = a) and group conditional quality score values a; = P(Y = 1| f(X) = a,Z = z) of
the screening classifier f and the modified classifiers fg , , f+, and fz . induced by the partitions found by Algorithms 2, 1
and 3, respectively. In the first row, the hatched bars indicate within-group monotonicity violations and, in the last row, we
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